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In this paper we calculate the volumes and energies of formation of Schottky defects in the 
alkali halides NaCl, NaBr, KC1 and KBr. Both the polarisable point-dipole and a simple shell 
model are evaluated. The calculation uses a generalised and extended Mott-Littleton approach in 
conjunction with results derived previously by the lattice statics method of Kanzaki. The polarisable 
point-dipole model, as might be expected, is bad, but the shell model leads to good values for the 
Schottky formation energies, which not only compare well with experiment but are insensitive to 
the size of the region (‘region I’) around the defect for which the lattice displacements are com­
puted explicitly (i. e. as distinct from the outer Mott-Littleton region, ‘region II’) . The predicted 
volumes of formation of Schottky defects are less than the molecular volume, i?m , i. e. the volumes 
of relaxation are negative (NaCl, — 0.69 t;m; NaBr, — 0.73 t>m; KC1, — 0.52 t>m; KBr, —0,51 vm 
in the static lattice approximation). This is in conflict with the results of experiments on the effect 
of pressure upon the ionic conductivity of these crystals although some other experimental data are 
consistent with negative relaxation volumes. The disagreement is briefly discussed and the pos­
sibility that temperature effects are greater than is implied by the quasi-harmonic model is noted 
as a possible explanation.

§ 1. In tro d u c tio n

In non-ionic solids, such as metals, valence crys­
tals and solid inert gases, theory and experim ent 
appear to agree that the elastic relaxation associat­
ed with vacancies is inw ards (conventionally nega­
tive), thus leading to a volume of form ation less 
than the corresponding atomic volume. A nother 
well-known consequence of this inw ard relaxation 
is that the lattice param eter of such solids contain­
ing vacancies is less than that of the corresponding 
perfect solid.

In  ionic crystals the situation  is not quite so clear. 
Thus a num ber of detailed calculations of the lattice 
relaxation and polarisation  around ionic vacancies 
have been made 1 and these agree that the displace­
ments of the nearest neighbours to the vacancy are 
generally outwards. I t has thus often been assumed 
that the presence of vacancies in an ionic lattice 
will lead to an increase of volume and an increase 
in lattice param eter. However, this outw ard relaxa­
tion of nearest neighbours is m ainly a polarisation

* This paper is published both in Z. Naturforsch, and in the 
Proceedings of the Marstrand Conference on Atomic Trans­
port in Solids and Liquids, Verlag der Zeitschrift für Natur­
forschung, Tübingen 1971.

1 See, e. g., the review' by L. W. B a r r  and A. B . L i d i a r d , 
Physical Chemistry, an Advanced Treatise, Vol. X, Aca­
demic Press, New York 1970, p. 151.

effect, the sense of relaxation of an ion being p rin ­
cipally determ ined by its charge. It is thus not ob­
vious what the aggregate effect on the lattice p a ra ­
meter and lattice volume of these alternating  d is­
placements will be.

Experim entally there are indications of both posi­
tive and negative volume and lattice param eter 
changes on form ing vacancies. Thus some of the 
early radiation  dam age studies on LiF led to the 
inference of a net contraction 2. More recent work 3 
on MgO, agrees with this and sets the associated 
volume change per Schottky pair of vacancies in the 
range 0.2 to 0.4 of the m olecular volume vm . In 
addition, P ic k  and W e b e r 4 had earlier shown by 
density measurem ents that there was a net contrac­
tion of the lattice of KC1 on doping with CaCl2 and 
SrCl2 • Of course, in these studies not only cation 
vacancies but also divalent cations are added to the 
latice, but the effects may be somewhat sim ilar to 
those caused by adding anion and cation vacancies 
together. The volume changes which the P ic k  and 
W e b e r  measurem ents gave were AV =  — 0.11 for

2 See D. S. B il l in g t o n  and J. H. C r a w f o r d , Radiation 
Damage in Solids, University Press, Princeton 1961, p. 290 
et seq.

3 B. S. H ic k m a n  and D. G. W a l k e r , Phil. Mag. 11, 1101 
[1965].

4 H. P ic k  and H. W e b e r , Z. P h y s . 128, 409 [1950].
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CaCl2 and A V  = — 0.08  v m , for SrC l2 , per molecule 
added. In  contrast to these results indicating con­
tractions, experim ents on the effect of pressure on 
the ionic conductivity of several alkali halides in 
both the in trinsic  and extrinsic reg io n s5-8 yield 
volumes of fo rm ation of Schottky defects greater 
than v m , i. e. a net expansion due to the lattice re ­
laxation around  the vacancies. This was also in ­
ferred  to be true  fo r anion vacancies from  some ex­
perim ents studying directly the volume change oc­
curring  in U —>- a colour centre conversions 9.

In  this situation  it seems im portant to attem pt 
a reliable theoretical analysis. Previously published 
attem pts to evaluate the elastic strengths of vacan­
cies and thus the associated volume changes have 
been based on elem entary intuitive ideas 10,11 and 
are, we believe, m isleading. As the basis of our cal­
culations we use instead an analysis derived from  
the method of K a n z a k i  12. This analysis is a revi­
sion of that given previously by H a r d y  and Li- 
d ia r d  13. We show how the results of this analysis 
can be incorporated  into an extended Mott-Littleton 
calculation to yield both defect energies and volumes 
of relaxation . In  th is paper we present the results 
of such detailed calculations for four alkali halides, 
viz. NaCl, N aB r, KC1 and K Br, for which we use 
two different m odels (a) the polarisable point-dipole 
model and (b) a sim ple shell model. Both agree in 
predicting  negative relaxation  volumes, i. e. contrac­
tion of the lattice, bu t only the shell model gives 
acceptable defect energies. As has been noted be­
fore, the polarisable point-dipole model considerably 
overestim ates the po larisation  energy (a negative 
term ) and thus leads to Schottky energies which are 
far too low. The shell model energies, however, 
agree well w ith experim ent. This agreem ent lends 
force to our pred ic tion  of negative relaxation vol­
umes for vacancies in these substances.

§ 2. General Theory for an Ionic Crystal

The general theory  relating  the details of the fo r­
ces and displacem ents around  a point defect to the

m acroscopic volume change and lattice param eter 
change for an assembly of point defects has been 
discussed by a num ber of authors 12-15. A discus­
sion of these relations for vacancies in ionic crystals 
in particu lar was given by H a r d y  and L i d i a r d  13, 
but unfortunately  was not correct in some p articu ­
lars. In  the present section we correct the omissions 
of that previous discussion (hereafter referred  to 
as H . L .) and show how the results can be incor­
porated into detailed num erical calculations, e. g., 
of the generalised M ott-Littleton kind. It is not ne­
cessary to repeat all the details of the previous deri­
vations and it will be sufficient to lim it ourselves 
here sim ply to a statem ent of corrections and ad­
ditions to the previous argum ents.

2.1. Elastic Strengths and Volume Changes

The most im portant correction is that to the form  
assumed for X,  the term  in the energy of the defect 
solid expressing the interaction of the defect w ith 
the (perfect) lattice. It will be recalled that, follow­
ing K a n z a k i  1 2 , the potential energy of the defect 
solid was w ritten as

W = X  + Y { S , / a) , (1)

where Y (£, ju) is the potential function for the per­
fect lattice (£ standing for the ion displacem ents 
and ju for the electronic moments) and X  stands for 
all the rem aining term s, i. e. for the defect-lattice 
interactions. Explicit expressions for X  for the 
polarisable point-dipole model, for exam ple, are ob­
tainable from  the paper by B o s w a r v a  and L id ia r d  11. 
From  these or otherwise it will be seen tha t the d is­
cussion by H a r d y  and L i d i a r d 13 [their Eq. (2 .13) 
et seq] om its the term  in X  corresponding to the 
electrostatic interaction of the effective charge on 
the vacancy with the dipoles, (X, on the ions of the 
lattice. The correct expression for X  is thus

x = -  2<P(|H<i)+5(i)|)
l,Jc

+  <7o 2l,k
MiHR(i) + S&)) 

| H ( i ) + 5 ( i ) l 8
(2)

5 W. B ie r m a n n , Z. Phys. Chem. Frankfurt 25, 90, 253 [I960].
6 M . L a l l e m a n d , C. R . Acad. Sei. B , 267, 715 [1968].
7 M . B e y e l e r  and D. L a z a r u s , Solid State Comm. 7, 1487

[1969] ; also at this conference.
8 D. L a z a r u s , D. N. Y o o n , and R . N. J e f f e r y , Z. Natur- 

forsch. 26 a, 56 [1971].
9 F. L ü t y , S. C o s t a  R ib e i r o , S. M a s c a r e n h a s , and V. S v e r - 

z u t , Phys. R e v . 168,1080 [1968].

10 P. B r a u e r , Z. Naturforsch. 6  a, 561, 562 [1951].
11 I. M. B o s w a r v a  and A. B . L i d i a r d , Phil. Mag. 16, 805 

[1967].
12 H . K a n z a k i ,  J. Phys. Chem. Solids 2 ,  24, 37 [1957].
13 J. R. H a r d y  and A. B . L i d i a r d , Phil. Mag. 15, 825 [1967].
14 J. R. H a r d y ,  J. Phys. Chem. Solids 1 5 , 39 [1960] ; 2 9 ,  

2009 [1968].
15 V. K . T e w a r y , A.E.R.E. Report TP. 388 [1970].
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where q0 is the charge on the ion which was removed 
to form  the vacancy and ^ ( | )  specifies the vector 
displacem ent of the ion originally  a t the lattice site 
R(jfc). Here I is the cell index, while k  = 1, 2 speci­
fies the particu lar ion in the cell, cation or anion. 
It follows that there is an additional term  in of 
the form

{J- ■ ( R +  ?_)_ 
| R + 5 ! 3

(3)

This term  m ust be added to  Eqs (2 .14) und (3.1) 
of H. L.

The analysis for the long-range elastic d istortion 
around the vacancy then follows the same path as 
before (but with the addition of the extra term  to 
H. L. Eq. (3 .3 )]  and the expression for the elastic 
strength of the equivalent point defect becomes

3 <?(R(D + 5(i))
3 I* (1) •(« ( > )  + ? & ))

|R ( t )  + ? ( i ) l 3
(4)

C =  I  R i i ) .  
l,k

- 9 o  2  Ä (i) ,  l,k

where, as before, 0  ( R ( i ) +  5(* ) )  is the potential 
of interaction of the ion at the displaced position 
R ( i )  +  ^ ( i )  w ith the ion at the orig in  which was 
removed to form  the vacancy. An exactly equivalent 
expression holds for the shell model. F or defects 
other than vacancies — would be replaced by the 
actual potential of interaction  with the defect. How­
ever, in the case of the vacancy a sim plification of 
the above expression for G is possible, firstly, by ex­
panding in powers of ^  and, secondly, by making 
use of the condition of lattice stability. For a static 
la ttice**  the necessary condition is that the poten­
tial function Y  be m inim al at the observed lattice 
spacing, r 0 (zero external p ressu re). Thus to first 
o rder in £, ju

G = i I { R ( i )  $'(«(*))+R(*)-5(i) $"(«(*))}
l,k

+  A r  2  =  G(0) +  G(1)- (5)3 i,k i? (* )3

To em body the lattice stability condition we separate 
into Coulombic and non-Coulombic term s (<£q 

and $ x c  respectively) and make use of the special 
nature of Coulomb forces. The result is that the 
zero-order term  in (5) becomes

I
-  I») ß,2>(») <Z>ic(fi,2)(2))}, (6)

I

for a positive ion vacancy (1 ) ,  w ith a correspond­
ing expression for GV0' ( =  — The symbol 
R (1)( i )  specifies the position of the cation in cell I 
relative to a central cation (cell 0) while /? ® ( 2) is 
the position of the anion in cell I relative to a cen­
tral anion (cell 0 ) . For Schottky defects in a static 
lattice therefore G ^0) +  =  0, the analogue of 
the result G-°) =  0 for a m onatom ic static lattice in 
equilibrium . However, for an ionic crystal and 
Go^  are not separately zero (although they are very 
small) unless the non-Coulombic interactions do not 
extend beyond nearest neighbours.

For a quasi-harm onic lattice in therm al equi­
librium  at zero pressure and tem perature T  one may 
extend the above argum ent to obtain an additional 
term  on the r.h.s. of (6) of 6 y k T / v m where y is 
the average Grüneisen constant ( ~ 1 .5  fo r alkali 
halides) and k  is Boltzm ann’s constant. If the dis­
placements and moments of the ions surrounding  
the vacancies are known we may thus calculate their 
elastic strengths Gx and G2 from  (5) and (6 ) .

The corresponding m acroscopic volume changes 
are simply related to the strengths, G. The argum ent 
is basically that given in H. L. A ppendix II. F irstly , 
the volume change A V  on creating  the defect and 
allowing the lattice to relax and polarise is

A V  = -  (7)
6 or  o

where x  is the isotherm al com pressibility and r0 is 
the anion-cation lattice constant. This is true for 
harm onic lattices, both static and in therm al equi­
librium , provided only that the small changes in x  
and y caused by the defect can  be neglected. By in ­
serting the correct expression for X  we then obtain

A V i y2 — x G i ' 2 '  (8)

It should be noted that his expression includes the 
Eshelby term  in the lattice d ilatation  resulting  from  
the tractions exerted on the surface of the solid by 
the defec t12.

2.2. Extension of  Mott-Littleton Method

The term (2) which was om itted from  X  by 
H a r d y  and L i d ia r d  13 does not affect the expres­
sions which they deduced for the lim iting po larisa­
tion of the lattice and which thus confirm ed and 
extended the M ott-Littleton approach. The reason is

** The changes required for a quasi-harmonic lattice in ther­
mal equilibrium are noted below.
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that the om itted term s in the transform ed forces 
F\ — F2 a re  O ( q )  at small q  and are  thus quite un ­
im portant com pared to the dom inant Coulomb part 
which is

We are therefore now in a position to extend the 
M ott-Littleton method so that it provides values for 
the volumes A V x , A V 2 and thus A V $ ,  which can be 
com pared directly with experim ent. In  this method 
we divide the defect lattice into two regions, I and
II. The inner region I contains the defect and a 
num ber of neighbouring ions. The energy function 
of the solid is m inim ised explicitly with respect to 
the displacem ents and polarisation  param eters of 
the ions in this inner region. The displacem ents and 
the po larisation  of ions in the o ther region II are 
assumed to have the lim iting form s corresponding 
to continuum  behaviour. These lim iting  form s are, 
for the polarisation, those obtained in H. L. § 3.2 
and, for the elastic com ponent of the displacement, 
that appropriate  to a point defect of strength G. 
U nfortunately, for a cubic solid there is, in general, 
no simple expression for this second term, although 
for an elastically isotropic solid the well known ex­
pression

_ G R
4  n c u  R> { ’

may be used. In  general the m ethod of Lie and 
Koehler 16 could be applied. W e can now evidently 
proceed to a self-consistent M ott-Littleton calculation 
using the M. L. form s, including ^ eias , in the ex­
pression for G. This then gives G in terms of the 
region I displacem ent and moments and certain la t­
tice sums over region II. The resulting  £ eias is then 
used in the energy function (fo r the I —II in te r­
action term s) when it is m inim ised w .r.t. the region 
I param eters.

In  practice the m ajo r contributions to G come 
from  the electrical term s in (5 ) . T his can be seen 
from  the term s G^  in (5 ) . F irs tly  the electrical 
com ponent of displacem ent, ^ eiec ? a°d  the dipole 
moment, [X , fall off ra the r slowly as R ~ 2 and, a l­
though % eiec alternates in sign as we go from  posi­
tive to negative ion so does w ith the result that 
the displacem ent dipole term  R ? elec&c"  is of ex­
actly the same form  as the electronic dipole term .

16 K .-H . C. L ie and J. S. K o e h l e r , Adv. Phys. 17, 4 2 1  [1 9 6 8 ] .
17 F. G. Fumi and M. P. Tosi, J. Phys. Chem. Solids 25, 31

[ 1 9 6 4 ] .
18 M. P. Tosi and D . D o y a m a , Phys. Rev. 151, 6 4 2  [ 1 9 6 6 ] .
19 M. P. Tosi and F . G. F u m i , J. Phys. Chem. Solids 25, 4 5

[ 1 9 6 4 ] ,

Both make negative contributions to G proportional 
to the lattice sum 2  /?-4  taken over both positive 
and negative ions. By contrast R  %eias &c"  gives 
terms of alternating sign so that this contribution  
is much less. A lthough far from  accurate for the a l­
kali halides we have therefore used (9) to express 
5eias in  terms of G and R.  In practice, it makes little 
difference to G if we omit \  eias altogether.

§ 3. The Model and Method of Computation

We have used both a polarisable point-dipole 
model and a simple shell model (anions only po lar­
isable) fitted to em pirical room  tem perature data. 
For both, the detailed calculations have been carried  
out in the static lattice approxim ation, although as 
we show below the correction for therm al m otion 
is easily incorporated in the quasi-harm onic ap­
proxim ation. F or the polarisable point-dipole model 
we have fitted to the lattice param eter (nearest 
neighbour separation, r0) and the com pressibility x  
in the usual way. (The data we used was that com­
piled by Fumi and T o s i17, the first set in their 
Table 1.) As in other M ott-Littleton calculations 
(e. g. T osi and Doyama 18 and Boswarva and Li- 
DIARD 11 the ions are assumed to in teract through
(i) Coulomb forces, (ii) closed-shell overlap repul­
sions and (iii) dipole-dipole and dipole-quadrupole 
Van der W aals term s. F or (ii) we have taken the 
expression

b C i j - e x p ^ i  +  r j - r ) / q }  ( 1 0 )

where ci;- is the conventional Pauling factor and r; 
is the radius of ion i. For ionic radii we use the 
values given by T osi and Fumi 19 in their Table 4 
(“generalised Huggins-Mayer form” ). The parame­
ters b  and Q are determined by using the lattice 
stability condition at r0 and fitting the compressi­
bility, x.  The coefficients of the Van der Waals in­
teractions are those given by M a y er20. To repre­
sent the electronic polarisation of the ions we have 
used the polarisabilities determined by Tessman, 
Kahn and S h o ck ley  21 and to evaluate the Mott- 
Littleton polarisation and displacement coefficients 
we have additionally used the (room temperature) 
dielectric constants given by HaussÜhl 22.

20 J. E. M a y e r , J. Chem. Phys. 1 , 2 7 0 ,  3 2 7  [ 1 9 3 3 ] .
21 J. R. T e s s m a n , A. H . K a h n , and W . S h o c k l e y , Phys. Rev.

9 2 ,8 9 0  [ 1 9 5 3 ] .
22 S . H a u s s Üh l , Z. Naturforsch. 12 a, 4 4 5  [ 1 9 5 7 ] .
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For the shell model we assumed that the non- 
Coulombic interactions between different ions were 
via shell-shell interactions only and in addition to 
first-neighbour (cation-anion) interactions we as­
sumed second neighbour interactions between the 
anions (but not between cations). Both these in ter­
actions were assumed to have the simple Born- 
M ayer form , A  + _ exp{ — r/@} and A  _ _ exp{ — r/g}  
respectively. The ions were assumed to have the full 
net ionic d iarge of ( ±  e ) , but, in addition , the an­
ions were allowed to be polarisable by assigning 
them a shell charge, and an in ternal core-shell 
spring constant. The cation polarisability  was ne­
glected. These five param eters A  + _, A  _ _, q the 
shell charge and the core-shell spring constant were 
obtained by fitting the model to r 0 (Ref. 17) , the 
static dielectric constant, £0 (Ref. 22) , the lim iting 
high frequency dielectric constant (Ref. 21) and 
the elastic constants cn  and c12 (Ref. 23, Table V I). 
A lthough this is a ra ther simplified shell model, it 
should be noted that SziGETi effective charges 24 cal­
culated from  it are in most cases *** in good agree­
ment ( ~  2%) with em pirical values obtained from  
£0 , ex  and the Restrahlen frequency oj0 .

The equilibrium  distortion of the lattice around 
the vacancy was determ ined by m inim ising the ap­
propria te  energy function. For the polarisable point- 
dipole model we used the general expression (2.3) 
of B o s w a r v a  and L i d i a r d  11 which gives the en­
ergy as a function of the displacem ents, X ,  of the 
inner region I — the electronic m oments, WI, in re ­
gion I and the m oments, , and displacements, %, 
in the outer region II having been determ ined (for 
each x ). Of course, for region II (X and \  are taken 
from  the generalised M ott-Littleton approach p ro ­
posed in § 2. We note that the energy function there­
by depends on the elastic strength, G, of the defect 
through the po larisation  energy of region II [term  4 
on the r.h .s. of Eq. (2 .3) of B o s w a r v a  and L i­
d i a r d 11] and through the non-Coulombic in ter­
action energy between regions I and II (term s 5 
and 6 ) .  In addition  the moments Wt on the region I 
ions are very slightly dependent on G through the 
field which the region II displacem ents generate. 
The com putational procedure is therefore as fol­

23 H . B . H u n t i n g t o n , Solid State Physics 7, 213 [1958].
24 B . S z ig e t i . P r o c . R o y . S o c . L o n d o n  A  2 0 4 ,  51 [1950].

*** Excepting NaF, KF and Rb halides where since the po- 
larisabilities a are such that a + >  a _, it is obviously wrong
to set a+ = 0 .

lows. For specified region I displacements X,  we 
first find WI by solving the field equations (except 
for the small pertu rbation  of WI by G which we 
evaluate separate ly ). H aving obtained WI and know­
ing [A and ^  in region II we evaluate G by (5) and 
hence the rem aining term s in the energy. The m in i­
misation of the energy, W , with respect to X  was 
carried out by a direct search procedure due to 
P o w e l l  25. W  is m inim ised along directions which 
are progressively updated until they form  a set of 
m utually orthogonal directions with respect to the 
m atrix of second derivatives of W .

The program  used in this work can be simply 
modified so as to evaluate defect energies in the 
usual Mott-Littleton approach (^ eias =  0) and was, 
in fact, so applied in o rder to check it against an ­
other program  developed by N o r g e t t  26 in another 
connection. In N orgett’s program  the energy func­
tion is m inim ised with respect to the region I p a ra ­
meters X  and WI before the (presum ed) equilibrium  
values of \  and (A are inserted, but the two proce­
dures are exactly equivalent when \  and fi. are 
known accurately. In addition , the m inim isation is 
obtained by a modified Newton-Raphson technique 
which is faster ( ~  10 times faster) but requires 
more core storage and is thus not suitable for sm al­
ler com puters. For the sizes of region I investigated 
[all ions out to ( 3 , 0 , 0 ) r 0] the two predicted 
Schottky energies were always w ithin 0.05 eV of 
one another. This good agreem ent thus supplies an 
independent check on the program .

For the shell model the expressions for the energy 
function [Eq. (2.3) of B o s w a r v a  and L i d i a r d ] 
and the elastic strength [Eq. (5) et seq] are m odi­
fied but as these generalisations are fairly  obvious 
we shall not give them explicitly here. In  this case 
we took an analogous approach and m inim ised the 
energy function with respect to core displacements, 
X,  and shell displacem ents, y ,  again using Powell’s 
method.

§ 4. R e su lts

Tables 1 —4 gives the results obtained for both 
the Schottky form ation energies W$ and the co rre­
sponding volumes of relaxation  A V  on form ation of

25 M. J. D. P o w e l l , Computer Journal 7, 155 [1964].
26 M. J. N o r g e t t . A.E.R.E. Report TP. 412 [1970]; J. Phys.

C. (in press); also M. J. N o r g e t t  and R. F l e t c h e r . J.
Phys. C. 3, L 190 [1970].



VOLUMES OF FORMATION OF SCHOTTKY DEFECTS IN IONIC CRYSTALS 67

Table 1 . Values of the Schottky formation energy, fFs , and vacancy relaxation volumes (both separately, AV  + and A V - ,  
and together A V S) for four alkali halides as calculated from the polarisable point-dipole model using a region I containing 

only the nearest neighbours of the vacancies. Corresponding experimental values are obtained from the references given.

Substance tFs (eV) JFs (expt) (eV) AV+fvjn A V - /vm A Vs/wm A V s (expt)/vm

NaCl 1.560 2.18 -  2.50 (Ref. !> 28) -  0.526 -  0.423 -  0.949 0.45 - 0 . 8 (Ref. 5’ 7 , 8)
NaBr 1.368 1.72 (Ref. i) -  0.555 -  0.432 -  0.987 0 . 2 (Ref. i)
KC1 1.869 2.26 -  2.59 (Ref. !-28,29) - 0 .4 0 4 -  0.297 -  0.701 0.5 - 0 . 6 (Ref. 5. 8 )
K Br 1.757 2.30 -  2 .53- ( R e f .  i) -  0.399 -  0.275 -  0.674 0 .1 (Ref. i)

Table 2. Values of the Schottky formation energy, fFs , and of 
relaxation volumes for a polarisable point-dipole model of 
NaCl, showing the effect on the calculated values of enlarging 
region I to include successively more shells of neighbours of 

the vacancy.

Shells included 
in region I

Ws (eV) AV+/vm AV-/Vm A V s/vm

(1 0 0 ) 1.560 -  0.526 -  0.423 -  0.949
(1 0 0 ), (1 1 0 ) 1.651 -  0.538 - 0 .4 4 9 -  0.987
( 1 0 0 ), (1 1 0 ), (1 1 1 ) 1.640 -  0.542 -  0.448 -  0.990
(1 0 0 ), (1 1 0 ), (2 0 0 ) 1.393 -  0.634 -  0.401 -  1.035
(1 0 0 ), (1 1 0 ), (2 0 0 ) 1.189 -  0.675 -  0.394 -  1.069
(300)
(1 0 0 ), (1 1 0 ), (2 0 0 ) 1.082 -  0.694 -  0.395 -  1.089
(300), (400)

NaCl, NaBr, KC1 and KBr when region I includes 
only the nearest neighbours of the vacancies. All the 
calculated are ~  25% lower than the experim en­
tal values — a feature which has been noted in p re­
vious calculations with this m o d e l1. However this 
e rro r in becomes even la rger when region I is 
expanded as shown by the results in Table 2 for 
NaCl. The reason seems fairly  obvious. The po lar­
isable point-dipole model predicts too large a static 
dielectric constant 1> 24 and thus too large a po larisa­
tion in region I. (In  the M ott-Littleton region II, £0 
is, of course, given its em pirical value.) Thus, as 
region I increases in size, the calculated energy falls

Table 3. Values of the Schottky formation energy, JTg, and vacancy relaxation volumes for four alkali halides as calculated 
from the simple shell model described in § 3. We note the good agreement between calculated and observed values of JVa . 
Only the nearest neighbours of the vacancy are included in region I but for this model the results are very insensitive to the

size of this region (Table 4).

Substance IFs(eV) Ws (expt) (eV) AV+/vm A V~/vm A Vs/% A Fs (expt)/t’m

NaCl 2.227 2.18 -  2.50 (Ref. i. 27) -  0.382 - 0 .3 0 4 -  0 . 6 8 6 0.45 - 0 . 8 (Ref. 5- 7. 8 )
NaBr 2 . 0 0 1 1.72 (Ref. i) -  0.429 - 0 .3 0 0 -  0.729 0 . 2 (Ref. 8)
KC1 2.341 2.26 -  2.59 (Ref. !- 28,29) - 0 .3 4 4 -  0.176 - 0 .5 2 0 0.5 -  0 . 6 (R e f.5- 8)
K Br 2.247 2.30 -  2.53 (Ref. i) -  0.324 -  0.181 -  0.505 0 .1 (Ref. 8)

Table 4. Values of the Schottky formation energy, JFS , and of 
relaxation volumes for the simple shell model of NaCl, show­
ing the insensitivity of the predictions to the size of region I.

Shells included 
in region I

JFs(eV) AV+/vm A V - / v m AV~/vm

(1 0 0 ) 2.227 -  0.382 - 0 .3 0 4 -  0 . 6 8 6
(1 0 0 ), (1 1 0 ) 2.254 -  0.399 -  0.312 - 0 .7 1 1
(1 0 0 ), (1 1 0 ), (1 1 1 ) 2.259 -  0.397 -  0.316 - 0 .7 1 3
(1 0 0 ), (1 1 0 ), (2 0 0 ) 2.270 -  0.391 -  0.283 -  0.674
(1 0 0 ), (1 1 0 ), (2 0 0 ) 
(300)

2.236 -  0.396 -  0.277 -  0.673

(1 0 0 ), (1 1 0 ), (2 0 0 ) 
(300), (400)

2.235 -  0.391 -  0.277 -  0 . 6 6 8

the vacancies. The volume of form ation of Schottky 
defects is obtained by adding v m to the values of 
A V s given, corresponding to putting the extracted 
ions bade on the surface of the crystal. Table 1 gives 
results for the polarisable point-dipole model of

tow ards a lim it which corresponds to a crystal with 
a much higher dielectric constant than the real sub­
stance. We would thus not expect the volumes p re­
dicted by this model to have m ore than a qualitative 
significance.

However, when we turn  to the shell model the 
picture is ra the r different. F irstly , not only are the 
values of W s calculated for a region I containing 
just first neighbours in quite fa ir agreem ent with 
experim ent (Table 3) but, secondly, these values 
appear to be quite stable against the enlargem ent of 
region I (Table 4). This second feature is, of course, 
what we would expect since the shell model is fitted 
to the dielectric constant — as long as our method 
of calculation is accurate. W hich it thus appears to 
be. Thus we believe that the values of AFg  predicted 
by this model are physically significant.
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§ 5. D iscussion

As we have previously com mented the negative 
values of G and thus AFg  result from  the long range 
of the Coulomb field of the vacancy acting on the 
ions of the lattice, coupled with the equally slow 
decrease in induced moments (both q \  and fx) with 
distance. Thus the negative values of AV$  appear 
to be a rather general consequence of all models of 
ionic vacancies. (The same conclusion would not 
follow for interstitials since for them the lattice sta­
bility condition does not lead to the cancellation of 
the zero order term s, G°, which in that case would 
be large and positive.) A lthough this conclusion is 
in agreement with some experim ental re su lts2~ 4 it 
disagrees with the, in principle, m ore direct deter­
m inations of AV§  obtained from  m easuring the ef­
fect of pressure upon ionic conductivity, as is shown 
in Tables 1 and 2. We are puzzled by this conflict, 
especially since, in the case of the shell model, all the 
other indications are that the calculations and the 
model describe the defect solid well. The gap be­
tween the theoretical and experim ental values of 
AVg  is narrow ed a little if we correct the static la t­
tice values given above for therm al m otion using the

27 F. B e n ie r e , M. B e n i e r e , and M. C h e m l a , J. P h y s . C h em .
Solids 31, 1205 [1970]. Also F. B e n i e r e , Z. Naturforsch.
26a  [1971].

Grüneisen approxim ation. This leads to the add itio ­
nal term  in AVg/vm of 12 y k  T /vm or, since we have 
fitted our static model to room  tem perature, data,
12 y k  (T  — T rX)  / v m . For T — 7Yt. =  700 °K  we then 
get additional positive terms in AVg/vm as follows: 
NaCl, 0 .154 ; NaBr, 0 .169 ; KC1, 0 .143 and KBr,
0.156. It is possible, though perhaps not very likely 
that the quasi-harm onic approxim ation substantially  
underestim ates this tem perature term . However, if 
this were the case it m ight remove some of the con­
flict between the positive relaxation volumes in fer­
red from  high tem perature conductivity m easure­
ments 6-8 and the negative relaxation volumes in ­
ferred from  room tem perature m easurem ents on i r ­
radia ted  and annealed L iF2 and MgO3. It is clearly 
necessary to make further calculations of other de­
fect volumes by the present methods in order to test 
the validity of the models further.
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